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1. (a) DÐnetai to sÔnolo

A =
{

(−1)nm

n + m
: m,n = 1, 2, . . .

}
.

DeÐxte ìti to A eÐnai fragmèno kai breÐte ta supA, inf A. Exet�ste an to A èqei mègisto
  el�qisto stoiqeÐo.
(b) Swstì   l�joc? An to B ⊂ R eÐnai mh kenì kai fragmèno, kai an supB − inf B = 1,
tìte up�rqoun x, y ∈ B ¸ste x− y = 1 (aitiolog ste thn ap�nthsh sac).

2. (a) Qrhsimopoi¸ntac mìno ton orismì tou orÐou akoloujÐac kai thn Arqim deia idiìthta
twn pragmatik¸n arijm¸n, deÐxte ìti

lim
n→∞

n

n2 + 2
= 0.

(b) Swstì   l�joc? An an > 0 gia k�je n ∈ N kai h (an) den eÐnai �nw fragmènh, tìte
an → +∞ (aitiolog ste thn ap�nthsh sac).

3. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei kai, an nai, breÐte to
ìrio thc:

αn =
cos(n10)√

n
, βn =

10n

n!
, γn =

n
√

1n + 2n + · · ·+ nn

n
.

4. 'Estw f : R → R suneq c sun�rthsh kai èstw a1 ∈ R. OrÐzoume an+1 = f(an) gia
n = 1, 2, . . .. DeÐxte ìti an an → a gia k�poion a ∈ R, tìte f(a) = a.

5. 'Estw f : R → R aÔxousa kai suneq c sun�rthsh. DeÐxte ìti up�rqei akrib¸c ènac
pragmatikìc arijmìc x0 me thn idiìthta f(x0) + x0 = 0. [Upìdeixh: Parathr ste ìti an
x > 0 tìte f(x) ≥ f(0) en¸ an x < 0 tìte f(x) ≤ f(0).]

6. 'Estw f : [0, 1] → [0, 1] suneq c kai epÐ sun�rthsh. DeÐxte ìti an g : [0, 1] → [0, 1]
eÐnai suneq c sun�rthsh, tìte up�rqei x ∈ [0, 1] ¸ste g(x) = f(x).

7. DeÐxte ìti h sun�rthsh f : R → R me f(x) =





x2 an x ∈ Q

0 an x /∈ Q
eÐnai paragwgÐsimh

sto shmeÐo 0. DeÐxte ìti h f eÐnai asuneq c se k�je y 6= 0. EÐnai suneq c sto shmeÐo 0?

8. (a) Diatup¸ste to Je¸rhma Bolzano–Weierstrass.
(b) Qrhsimopoi¸ntac to Je¸rhma Bolzano–Weierstrass deÐxte ìti k�je suneq c sun�rthsh
f : [a, b] → R eÐnai �nw fragmènh.

Na apant sete kai sta okt¸ jèmata, ta opoÐa eÐnai bajmologik� isodÔnama. Sthn pr¸th
selÐda tou graptoÔ sac, kukl¸ste touc arijmoÔc twn jem�twn pou apant sate. MazÐ me
to graptì sac na paradÐdete kai ta jèmata.

Kal  epituqÐa


