
y′ =
3t2 + 4t + 2

2(y − 1)
, y(0) = −1.

a λ b

y′ + ay = be−λt

y → 0 t → +∞
a = λ a �= λ

y2 = 2ax.

y′ = ry − ky2,

r > 0 k > 0

y′ = − 1
t2

− y

t
+ y2.

x2y′ = y2 + 2xy

(y − 2x)dx + (4y + 3x)dy = 0

dy

dx
=

x + y − 1
x + 4y + 2

(2x − 2y)dx + (y − 1)dy = 0



(2xy − 3x2)dx + (x2 − 2y)dy = 0

x2y − x3 − y2 = c

ydx − (x + 6y2)dy = 0
1
y2

x

y
− 6y = c

(5x2 − y)dx + xdy = 0
1
x2

y

x
+ 5x = c

f(t)

f(t) x′ + t2 + x = 0 , x = x(t) ,

μ(t) = t

(
3t +

6
y

)
+

( t2

y
+

3y

t

)dy

dt
= 0.

μ(t, y) = tαyβ

(3t + 2y + y2)dt + (t + 4ty + 5y2)dy = 0.

μ(t, y) = μ(t + y2)

Picard

dy

dt
= t2 + y2 , y(1) = 2.



y′ =
(1 + t)2

(1 + y)2
.

y = ϕ(t)
ϕ(0) = −0.2 ϕ(t) < t t

y′ = 3y(1 − y)

y′ = y2 − 6y − 16

y′ = y(y2 − μ) , μ ∈ R.

μ = 1 y(0) =
1
2

lim
t→−∞ y(t) , lim

t→+∞ y(t)

y′ = μy2 + y4 =: fμ(y).



y′′ + 4y′ + 4y = x − 2e2x

8y′′ + 4y′ + y = sinx − 2 cos x

a, b, c ∈ R
+ y = ϕ(t)

ay′′ + by′ + cy = 0,

lim
t→+∞ϕ(t) = 0.

a, b, c ∈ R
+ y1(t), y2(t)

ay′′ + by′ + cy = g(t),

g ∈ C(I) I R

lim
t→+∞

(
y1(t) − y2(t)

)
= 0.

φ1(t) = t2 , φ2(t) = t2 + et , φ3(t) = 1 + t2 + 2et

y′′ − 2y′ + y =
et

1 + t2
.

y(t) = Aet + Btet − 1
2

ln(1 + t2)et + tet arctan t.



ω

y′′ + 4y = cos ωt , y(0) = 0, y′(0) = 1,

y(t)

y′′ + 5y′ + 6y = f(t) , t ≥ 0,

f(t) |f(t)| ≤ b t ≥ 0 b > 0 ϕ(t)
Lagrange

|ϕ(t)| ≤ 5
6
b.

{
y′′′ − 2y′′ + y′ = 1 + tet,
y(0) = y′(0) = 0 , y′′(0) = 1.

t2y′′ + 5ty′ − 5y = 0.

∞∑
n=0

anxn

y′ = 2xy.

y = a0

∞∑
n=0

x2n

n!
= a0e

x2
, ∀x ∈ R.

x
x

y′′ − x2y = 0

ϕ1(x) = 1 +
∞∑

n=1

x4n

3 · 4 · 7 · 8 · · · (4n − 1)(4n)
,

ϕ2(x) = x +
∞∑

n=1

x4n+1

4 · 5 · 8 · 9 · · · (4n)(4n + 1)
.



y′′ + x3y′ + x2y = 0

ϕ1(x) = 1 +
∞∑

n=1

(−1)n · 1 · 5 · 9 · · · (4n − 3)
3 · 4 · 7 · 8 · · · (4n − 1)(4n)

x4n,

ϕ2(x) = x +
∞∑

n=1

(−1)n · 2 · 6 · · · (4n − 2)
4 · 5 · · · (4n)(4n + 1)

x4n+1.

ϕ

(1 + x2)y′′ + y = 0,

ϕ(x) =
∞∑

n=0

anxn ϕ(0) = 0 ϕ′(0) = 1

x

y′′ + exy = 0

ϕ ϕ(x) =
∞∑

n=0

anxn ϕ(0) = 1 ϕ′(0) = 0

ak k = 0, 1, 2, 3, 4, 5

ak =
ϕ(k)(0)

k!
ϕ′′(x) = −exϕ(x)

Φ(t) =

⎡
⎣ 2 ln t

0
1
t

⎤
⎦ , t > 0,

y′ =

⎡
⎣ 0 1

0 −1
t

⎤
⎦ y

y(1) = [−2, 1]t

eAt

A =

[
0 −1
4 0

]
.

y′ = Ay

A =

⎡
⎢⎣ 1 0 −1

0 1 0
0 0 2

⎤
⎥⎦ .



A |A − λI3| = (1 − λ)2(2 − λ)

y′ = Ay

A =

⎡
⎢⎣ 2 0 0

3 2 0
5 −2 −1

⎤
⎥⎦ .

A λ1 = 2, λ2 = 2, λ3 = −1

y′ = Ay

A =

⎡
⎢⎢⎢⎣

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

⎤
⎥⎥⎥⎦ .

A block

y0 ∈ R
3

y′ =

⎡
⎢⎣ 1 0 −2

0 1 0
1 −1 −1

⎤
⎥⎦ y , y(0) = y0,

x′ =

[
1 0
−1 −1

]
x.

0 t → +∞
λ1 = 1 , λ2 = −1

[
−2
1

]
,

[
0
1

]
.

x(t) = c1e
t

[
−2
1

]
+ c2e

−t

[
0
1

]
.

c1 = 0 x(0) = [0, c2]t , c2 ∈ R



X(t) =

[
t et

2 0

]

x′ = Ax A

y′ = Ay + b(t) , y(0) = y0 ,

A ∈ R
2×2 , b(t) =

[
e2t

0

]
, y0 =

[
1
2

]
,

A λ1 = 1 λ2 = 2

u1 =

[
1
1

]
, u2 =

[
1
2

]
.

eAt y(t)



y′(t) = −3
(
y(t)

) 4
3 sin t , y(t0) = y0 > 0.

xf(tx) + tg(tx)x′ = 0,

f g

x − tx2 − (t + t2x)x′ = 0.

y′ = − 1
t2

− y

t
+ y2,

y′ =
2 cos2 t + sin2 t − y2

2 cos t
,

y1(t) = −1
t

y1(t) = sin t

(x2 − 2y2)dx + xydy = 0.



x sin
y

x
· y′ = y sin

y

x
+ x.

xy′ =
√

x2 + y2.

dy

dx
=

x + y + 4
x − y − 6

.

dy

dx
=

x − y + 1
x + y − 3

.

(x + y − 2)dx + (x − y + 4)dy = 0.

yexydx + (3 + xexy)dy = 0

y(0) = 0

exy + 3y = c

(5x2 − y)dx + xdy = 0
1
x2

y

x
+ 5x = c

(x + y)dx + (tanx)dy = 0
cos x

y sin x + x sin x + cos x = c

2ydx +
(
x − sin

√
y
)
dy = 0

1√
y

x
√

y + cos
√

y = c



f(t, x) [0, +∞) × R x
t g h [0, +∞)

h′(t) ≤ f
(
t, h(t)

)
, t ≥ 0,

g′(t) = f
(
t, g(t)

)
, t ≥ 0.

h(0) < g(0) h(t) < g(t) t ≥ 0
h(0) ≤ g(0)

⎧⎪⎨
⎪⎩

x′ = x2 +
7
8
et4

x(0) =
1
2
.

g : R → R Lipschitz f : R → R

{
x′ = g(x)
y′ = f(x)y

[a, b]

Lipschitz x1(t) ≡ x2(t)
Gronwall y1(t) ≡ y2(t)

y′ = 1 + y2, y′ = 1 − y2,
y′ = 2 sin y, y′ = y sin y.

y′ = ky − cy2 − h , y(0) > 0.

k c h ∈ R
+

h y(t)

0 < h ≤ k2

4c
y0 y(0) < y0

y(t)
y(0) > y0 y(t)

t → +∞



h >
k2

4c
y(0)

y′ = μy(1 − y)2 − y3 =: fμ(y).

a, b, c ∈ R
+ y = ϕ(t)

ay′′ + by′ + cy = 0,

lim
t→+∞ϕ(t) = 0.

a, b, c ∈ R
+ y1(t), y2(t)

ay′′ + by′ + cy = g(t),

g ∈ C(I) I R

lim
t→+∞

(
y1(t) − y2(t)

)
= 0.

φ1(t) = t2 , φ2(t) = t2 + et , φ3(t) = 1 + t2 + 2et

ψ1 ψ2

y′′ + 2y′ + 5y = f(t),

f

lim
t→+∞ |ψ1(t) − ψ2(t)| = 0.

y′′ + 4y′ + 4y = t−2e−2t.

y(t) = Ae−2t + Bte−2t − e−2t − e−2t ln |t|.



u′′ + u = F (t) , u(0) = 0, u′(0) = 0,

F (t) =

⎧⎪⎨
⎪⎩

F0t , 0 ≤ t ≤ π,
F0(2π − t) , π ≤ t ≤ 2π,
0 , 2π ≤ t,

F0

ω

y′′ + 4y = cos ωt , y(0) = 0, y′(0) = 1,

y(t)

x2y′′ + xy′ + y = log x , x > 0.

y(x) = log x + c1 sin log x + c2 cos log x

y′′ + 3y = t3 − 1
y′′ + 4y′ + 4y = teat

y′′ − y = t2et

y′′ + y′ + y = 1 + t + t2

y′′ + 5y′ + 4y = t2e7t

y′′ + y′ − 6y = sin t + te2t

y′′ + 2y′ = 1 + t2 + e−2t

y′′ + y′ + y = sin2 t

y′′ + 2y′ − 3y = 1 + tet

y(4) − 5y′′ + 4y = et − te2t

∞∑
n=0

anxn

y′′ + y = 0.

y = a0

∞∑
n=0

(−1)nx2n

(2n)!
+ a1

∞∑
n=0

(−1)nx2n+1

(2n + 1)!

= a0 cos x + a1 sin x , ∀x ∈ R.



x
x

y′′ − xy′ + y = 0

ϕ1(x) = x , ϕ2(x) =
∞∑

n=0

x2n

n!2n(2n − 1)
.

y′′ + 3x2y′ − xy = 0

ϕ1(x) = 1 +
∞∑

n=1

(−1)n+1 · 8 · 17 · · · (9n − 10)
2 · 3 · 5 · 6 · · · (3n − 1)(3n)

x3n,

ϕ2(x) = x +
∞∑

n=1

(−1)n · 2 · 11 · 20 · · · (9n − 7)
3 · 4 · 6 · 7 · · · (3n)(3n + 1)

x3n+1.

ϕ

y′′ + (x − 1)2y′ − (x − 1)y = 0,

ϕ(x) =
∞∑

n=0

an(x − 1)n ϕ(1) = 1 ϕ′(1) = 0

x − 1 = t

y′′ + exy = 0

ϕ ϕ(x) =
∞∑

n=0

anxn ϕ(0) = 1 ϕ′(0) = 0

ak k = 0, 1, 2, 3, 4, 5

ak =
ϕ(k)(0)

k!
ϕ′′(x) = −exϕ(x)

{
y′1 = 4y1 + 2y2

y′2 = 3y1 − y2

Φ(t) =

⎡
⎣ 2 ln t

0
1
t

⎤
⎦ , t > 0,



y′ =

⎡
⎣ 0 1

0 −1
t

⎤
⎦ y

y(1) = [−2, 1]t

A =

[
4 −3
8 −6

]
.

y′ = Ay
y1(0) = 0 = y1(2) y(t) = [y1(t), y2(t)]t

y′ = Ay

A =

⎡
⎢⎣ 2 0 0

3 2 0
5 −2 −1

⎤
⎥⎦ .

A λ1 = 2, λ2 = 2, λ3 = −1

y′ = Ay

A =

⎡
⎢⎢⎢⎣

0 −1 0 0
1 0 0 0
1 0 0 1
0 0 −1 0

⎤
⎥⎥⎥⎦ .

A |A − λI4| = (λ2 + 1)2

y0 ∈ R
3

y′ =

⎡
⎢⎣ 1 0 −2

0 1 0
1 −1 −1

⎤
⎥⎦ y , y(0) = y0,

A ∈ R
n×n n λ1, λ2, . . . , λn

Re λi ≤ 0, i = 1, 2, . . . , n y′ = Ay
t → +∞

A ∈ R
2×2



y′ = Ay + b(t) , y(0) = y0 ,

A ∈ R
2×2 , b(t) =

[
e2t

0

]
, y0 =

[
1
2

]
,

A λ1 = 1 λ2 = 2

u1 =

[
1
1

]
, u2 =

[
1
2

]
.

eAt y(t)

y′ = Ay , y(0) = y0 ,

A =

⎡
⎢⎣ 2 3 0

−3 2 0
0 0 1

⎤
⎥⎦ , y0 =

⎡
⎢⎣ 0

1
1

⎤
⎥⎦ .


